Abstract-A simple first-principles mathematical model is developed to predict the performance of a micro photosynthetic power cell (µPSC), an electrochemical device which generates electricity by harnessing electrons from photosynthesis in the presence of light. A lumped parameter approach is used to develop a model in which the electrochemical kinetic rate constants and diffusion effects are lumped into a single characteristic rate constant K. A non-parametric estimation of K for the µPSC is performed by minimizing the sum square errors (SSE) between the experimental and model predicted current and voltages. The developed model is validated by comparing the model predicted v − i characteristics with experimental data not used in the parameter estimation. Sensitivity analysis of the design parameters and the operational parameters reveal interesting insights for performance enhancement. Analysis of the model also suggests that there are two different operating regimes that are observed in this µPSC. This modeling approach can be used in other designs of µPSCs for performance enhancement studies.
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E
NERGY consumption is increasing all over the world. Fossil fuels being being a major source of energy are getting depleted much faster than they can be replenished. As a result, renewable energy sources are being researched for applications that require different power ranges. Low power range application devices such as remote location sensors, biosensors are of much interest in recent years. Scaling down high power range devices for such applications is difficult due to various design issues. Microbial fuel cells, which are electrochemical devices that use electrons produced during respiration of microbes to generate current [1] , [2] has gained much attention for such applications. Mathematical modeling of microbial fuel cells have also been attempted [3] , [4] , [5] .
Micro photosynthetic cells (µP SC) are a sustainable option for low power applications. µP SC uses oxygenic photosynthetic organisms such as algae to generate current in the presence of light and function as a microbial fuel cell in the absence of light. A major advantage of µP SC is its ability to generate current by harnessing the electrons from the electron transport chains in photosynthetic organelle of photoautotrophs using sunlight. In the absence of light, the cell generates current from the electrons that are harnessed from the metabolic pathways of the respiration process in photosynthetic organisms. Prototypes for µP SC [6] , [7] , [8] , [9] , [10] , [11] , [12] are available in the literature.
Till date, the focus has been mainly on experimental aspects of µP SC, recent works reported on µP SC [13] , [14] , and there has been very little attempt at developing mathematical models for µP SC. In general, the aim of any modeling exercise is to understand the underlying physical phenomena of a device and explore methods for improving device performance. Modeling of µP SC can help in understanding the performance limiting step(s) in a series of processes that occur during the operation of the device. Performance enhancement of the device can be achieved by focusing on the rate limiting steps. Modeling also helps in determining the optimal design and operational parameters, that can maximize the device performance.
Modeling a system like µP SC is complex since the device performance depends on the interactions of microorganisms with the operational parameters such as light intensity, quantum yield and so on. Further, design parameters such as electrode structure and the electrochemical interactions at the surface of the electrodes have an effect on the device performance. A mathematical model which incorporate all the phenomena that occur during the operation of µP SC will be complicated.
In this work, a simple model based on first principles is developed. The aim of this modeling exercise is to predict the performance of µP SC, given device specifications and a set of operational parameters. In the present work, a lumped parameter model approach is used in the model development. The number of parameters chosen to describe the various processes will be largely determined by the richness of data in terms of the variables that are measured. The lumped parameter used in the current study is the characteristic rate constant K. This paper is organized as follows. The section on operation principles describes the details of µP SC working. The model equations are described in the model formulation section. This is followed by a description of the methodology adopted for Fig. 1 . Working of Photosynthetic cell: Electrons and protons released during photosynthesis and respiration are siphoned by the mediator to the electrode surface. Electrons flow to the cathode chamber through the external circuit to produce electricity. Protons diffuse through the membrane and reacts with the electrons and oxygen to produce water in the cathode chamber solving the model equations and parameter estimation from the published [11] v − i data. Subsequently, model validation and sensitivity analysis studies that are performed are described. Finally, the utility of the model and interesting insights that can be derived from such a model analysis are outlined.
II. OPERATION PRINCIPLE A. Operation of µP SC
A schematic of the photosynthetic cell is shown in Figure  1 . A µP SC device consists of two chambers (anode and cathode) separated by a proton exchange membrane (Nafion). Anode and cathode chambers have a capacity to hold 2ml of anolyte and catholyte respectively. Porous gold electrode patterns of 100µm thick developed on both the sides of the Nafion membrane using lithography techniques act as both electrodes and current collectors.
Green algae (Chlamydomonas reinhardtii) suspended in a growth medium (Sueoka's high salt medium, HSM) and a mediator (methylene blue) are the major components of the anolyte. Potassium ferricyanide (P F ) solution is used as catholyte. Cell growth (using both nutrients and glucose as substrate) and cell decay occur inside the anode chamber.
Photosynthesis takes place in the presence of light, producing glucose from carbon dioxide and water. Respiration occurs in both dark and light conditions. The reactions are as follows.
Electrons and protons are released during both respiration and photosynthesis. The mediator methylene blue (MB) diffuses into the microorganism and siphons these electrons from the electron carriers NADPH (during photosynthesis) / NADH (during respiration) during which it gets reduced (see Eq. (3)) The reduced methylene blue (M B red ) then diffuses out of the microorganism and releases the electrons at the anode surface along with the protons thereby converting back to its original oxidized form (see Eq. (4)). The electrons from the anode travel through the external circuit to the cathode chamber producing electricity. Protons diffuse through the Nafion membrane to the cathode side.
M B+ N ADP H(photosynthesis)/N ADH(respiration)
At the cathode surface, potassium ferricyanide(P F ) gets reduced to potassium ferrocyanide (P F red ) using the electrons from the external circuit, (see Eq. (5)). P F red thus formed supplies electron to O 2 and protons which combine to form water and P F in the cathode chamber (see Eq. (6)).
In this paper, data from the experimental results reported in the prior work of the some of the authors of this paper [11] , [12] , [13] , [14] are used for parameter estimation and model validation.
III. MODEL FORMULATION

A. Model equations
The mathematical model developed in this work is intended to predict the current-voltage behavior of a µP SC in the presence of light. The inputs to the model are the initial concentrations of the species in the anode, light intensity, the external loads and the design parameters of the device. Assumptions: (1) µP SC is operated under isothermal conditions at 25 0 C and atmospheric pressure. Nafion membrane are assumed to be negligible. (6) Photosynthesis is considered to be the dominant process in the presence of light. (7) Concentration of species on the electrode surface is assumed to be equal to their corresponding bulk concentrations. No diffusion effects are considered. (8) Water is assumed to be in excess in the anode chamber. (9) Oxygen is assumed to be available in excess in the cathode chamber. (10) Activation losses near the cathode are assumed to be negligible.
1) Anode chamber:
The following phenomena occur in the bulk of the anode chamber. Cells grow by consuming the nutrient medium and they decay at a specified rate or when the nutrient medium is exhausted. With the assumptions stated, the temporal variation of concentrations of the species x (cells), N (nutrients), in the anode chamber can be described by the following differential equations.
The change in cell concentration x by growth and decay of cells can be described by Eq. (7)
with k 2 , the death rate of cells, k 1 , the growth rate of cells, characterized by Monod kinetics.
where µ max is maximum specific growth rate, N the nutrient medium used for growth, and K N is the half saturation constant w.r.t N .
The nutrient concentration change can be represented by Eq. (8)
where Y x,N is yield coefficient of cells w.r.t nutrients. The next step is to understand the source of electrons and the mechanism by which they reach the anode surface. There are several reactions that occur during photosynthesis and a complete description of the process with detailed mechanisms can be very complicated. Therefore, we propose a simple one-step mechanism that results in a tractable and useful model. A good description of processes that happen during photosynthesis can be found in [15] .
The first step in photosynthesis is the water splitting reaction. This reaction happens inside the thylakoid membrane of chloroplast.
The electrons are received by the electron acceptor N ADP + and forms N ADP H at the end of the electron transport chain. Each N ADP + can take 2e − and one H + .
N ADP
MB added in the anolyte diffuses in to the cell and siphons the electrons and the protons from N ADP H + H + to form M B red .
M B + N ADP H
At the anode surface M B red is oxidized back to M B.
The ideal way to model this phenomena is to consider the concentration variations of all the species in anode chamber, the rate of reactions occurring in bulk and the effect of diffusion on the concentration of species at the electrode surface for use in Bulter-Volmer equation.
To simplify the model, we conceptualize the electron carrier, M B and M B red as intermediates and adding Eq. (9), Eq. (10), Eq. (11) and Eq. (12), we obtain
Assuming Eq. (13) occurs at the anode surface, the complexity will be reduced to a great extent by considering the cell concentration and light intensity as reactants. This is because, at a macro level, the rate at which the water splitting occurs in a microorganism is a function of both cell concentration and light intensity. An important point to note at this juncture is that the water splitting reaction is assumed as a representative of all the phenomena that occur in the anode chamber. This can be summarized in Eq. (14) x(cells)+H 2 O Light,ka
Here, k a has much more significance than a mere rate constant of the water splitting reaction since this rate constant represents the reaction rate and also the many transport phenomena that are involved in the movement of all the active species.
2) Cathode chamber: The following processes occur in the cathode chamber. The electrons received at the cathode surface are used to reduce potassium ferricyanide(P F ) to potaassium ferrocyanode(P F red ).
Protons diffuse from the anode side to cathode chamber through Nafion, and take part in the reaction, where P F red is oxidized to P F by donating electrons to oxygen to form water.
Detailed modeling of the cathode chamber should ideally track the concentrations of all the species in cathode chamber and the influence of diffusion effects on the species concentrations at the electrode surface where the electrochemical reactions occur. This complexity can be handled if we assume that the overall reaction that occurs on the cathode surface as the oxygen reduction reaction (ORR). The rationale for this assumption is the same as the one used in the modeling of the anode chamber.
Adding Eq. (15) and Eq. (16) we obtain 0.5O 2 + 2H + + 2e
Similar to the anode chamber, the rate constant k c has to be interpreted as not just being the rate constant for the oxygen reduction reaction.
3) Electrochemical equations: The voltage, v and current, i µP SC produced when an external resistance, R ext is connected to a µP SC is given by
where E 0 is non-standard thermodynamic voltage; η ohm , η conc and η act are ohmic, concentration and activation losses across the cell respectively. Ohmic losses occur due to the transfer of current through the internal resistance of the µP SC and can be represented by Ohm's law.
Using Eq. (19) , and rewriting the activation losses at two electrodes individually, Eq. (18) takes the form
with E C − E A = E 0 , Eq. (21) can be written as
The current density at the anode surface is given by the Butler-Volmer equation [17] .
where j is current density; j 0 is exchange current density and is given by Eq. (24) and A E is the electrode surface area.
, the characteristic rate constant, L 0 , Intensity of incident light (lux), C f , conversion factor (lumen to photons per sec), Q, quantum yield,( number of electrons released number of photons absorbed ), k a , rate constant of anode reaction , k c , rate constant of cathode reaction, C a , product of reactant species concentration in anode reaction, C c , product of reactant species concentration in cathode reaction and A s , exposure surface area. C c is taken as unity based on assumption that oxygen is in excess in cathode chamber.
Solving Eq. (22) and Eq. (23) simultaneously, the current density of µP SC can be obtained. Voltage from the µP SC can be calculated from Eq. (18) . The characteristic rate constant, K, has information about both the rate constants k a and k c of the proposed consolidated equations for anode and cathode. K, k a and k b are related by the equation
The following reactions occur on the electrode surfaces. The standard reduction potentials of the bio-reactions at the anode are adapted from [18] , [19] .
Anode surface: Oxidation of reduced methylene blue to methylene blue.
M B red → M B + 2e
− + 2H
Cathode surface: Reduction of potassium ferricyanide to potassium ferrocyanide.
Following [20] , E 0 cell , the standard cell potential can be obtained at ST P with species concentrations at 1M. Generally, Nernst equation is used to relate the standard cell potential and the potential that can be obtained with the cell operating conditions. In the present study, the model developed being lumped, the effect of species concentrations at the operating conditions cannot be incorporated through the Nernst equation. Hence, the standard cell potential is used in the simulations assuming that the other terms are absorbed in the characteristic rate constant K.
IV. SOLUTION TO MODEL EQUATIONS
The model equations presented contains 2 ODEs (Eq. (7) and Eq. (8)) and 2 algebraic equations (Eq. (22) and Eq. (23)). The four unknown variables are: the cell concentration x, nutrient concentration N , the current density j, and the activation over potential η a .
First, the two ODEs are integrated using the MATLAB inbuilt integrator (ODE15S) and the final concentration x at each iteration of R ext is used as an initial guess for the next R ext and also to calculate j 0 . The current density of µP SC, j, is obtained by solving the two algebraic equations using the non-linear equation solver of MATLAB. The current and the voltage from the model are calculated by using Eq. (23) and Eq. (18) Table I .
An optimization problem is solved to find the optimal values of K for a chosen set of points in the v − i data. The available v − i data (32 points) is divided in to two sets, first set(18 points) is used for parameter estimation and the second set(14 points), test data, is used to validate the model with the chosen parameters. The objective of the optimization problem is to reduce the sum square error (SSE) between the experimental Figure 3 shows the log-log plot of the estimated K and R ext . It is interesting to observe that there are two power law regions in the plot. The implications of this behavior of K as a function of R ext provide some insights about the operating regimes of the cell. A discussion on these insights are presented later.
VI. MODEL VALIDATION
Model validation is a crucial step in any modeling exercise. In the present work the model is validated by using the steady- Figure 5(a) . The model predicts increase in current with increase in electrode surface area which is consistent. A similar trend was also obtained for power density. Decrease in electrode surface decreases the area available for reactions to occur directly affecting the performance. This shows that even with the same cell concentrations much better performance might be possible by increasing the electrode surface area.
The v − i characteristics for the response of the system to different light intensities is shown in Figure 5(b) . The model predicts decrease in current with decrease in light intensity and vice versa. One would expect that the current produced should be a very strong function of L 0 , but the results show that the current is a weak function of the former. In other words, for this µP SC, between increasing the electrode area and light intensity (or illumination surface area as shown in Figure 6 (a)), the former is preferable. Figure 6 concentration. This is consistent with the other results as the strong dependence on the electrode area shows that the current cell population itself is underutilized and increasing the cell count is not likely to increase current because of the paucity of the active surface area for the electrochemical reactions. It is important to note that these conclusions are not easy to reach by looking at just the v − i data without this modeling exercise. This emphasizes the power of this simple model in identifying key performance limiting factors.
VIII. DISCUSSIONS
When K is plotted vs R ext on a log-log graph (see Figure  7 (a).) it can be observed that the experimental data collected for the cell can be divided into two regions. In the first region, the order of K is almost constant ,i.e, the cell is being operated in an ohmic region, where the performance is not mass transfer limited. The reactants are supplied at electrodes at the same rate at which the reactants are used up in reaction. The second regime where K decreases as a power law, corresponds to . α also has an interpretation of a charge transfer coefficient in Butler-Volmer equation, which is typically assumed to be 0.5. However, in our optimization approach whenever the range of α was fixed as O(1), there were discontinuities in the estimated values of K as shown in the log-log plot of K vs R ext in Figure 7(b) . However, for a small α value as used in our model, we could observe the natural two power law region curves as shown in Figure 4 . Hence, a value of α = 0.005 was chosen, which is still in the acceptable range of 0 − 1. It is also worthwhile to keep in mind that the complicated multistep photosynthesis reaction mechanism has been simplified into a single water splitting reaction step and hence the charge transfer coefficient can only be thought of as another parameter in the model.
It is also interesting to observe that when α = 0.5 is used to fit the v-i data, K is almost of the same order of magnitude in the lower current regime and then varies significantly in the high current regime. That is, α = 0.5 fits the data into the regimes where ohmic losses and mass transfer losses are dominant. However, for α = 0.005, data was fit to regimes where ohmic losses and activation losses are dominant as mentioned before. The reason for a smooth fit for α = 0.005 compared to α = 0.5 could be because the experimental data that was used for parameter estimation lies in the region of dominant ohmic and activation losses.
IX. CONCLUSIONS
A mathematical model to predict the performance of a µP SC was developed. The model was thoroughly validated with steady-state experimental v − i data. It was shown that this model could be used to predict the behavior of the µPSC that was considered. Several insights provided by the model regarding the operation of the µP SC were described. For this particular design, the model was able to unequivocally identify that the performance limitation as largely due to lack of enough active sites for reaction and not cell concentration or light intensity. As future work, if the model is extended to include the geometry of the electrode patterns, diffusion phenomena, and the multi-step reaction processes that occur, then it can be used to comprehensively optimize the various design and operational parameters of a µPSC.
